For a general three dimensional theory of (super-)gravity coupled to arbitrary matter fields with arbitrary set of higher derivative terms in the effective action, we give an algorithm for consistently truncating the theory to a theory of pure (super-)gravity with the gravitational sector containing only Einstein-Hilbert, cosmological constant and Chern-Simons terms. We also outline the procedure for finding the parameters of the truncated theory. As an example we consider dimensional reduction on S 2 of the 5-dimensional minimal supergravity with curvature squared terms and obtain the truncated theory without any curvature squared terms. This truncated theory reproduces correctly the exact central charge of the boundary CFT.
given by an integral of a local Lagrangian density that admits a derivative expansion. Since in general the full quantum effective action can contain non-local terms, our analysis will not be directly applicable on these terms. In contrast the argument based on AdS/CFT correspondence works for the full quantum corrected effective action.
After consistent truncation and field redefinition that brings the action to the standard form, the parameters labelling the action are the cosmological constant and the coefficient of the Chern-Simons term. Of them the Chern-Simons term does not change under the field redefinition required to bring the action to the standard form but the cosmological constant term is modified. In theories with extended supersymmetry the cosmological constant can be determined from the coefficient of a gauge Chern-Simons terms [10] which also does not get renormalized under the field redefinition; however in general we need to determine the cosmological constant explicitly. We describe a simple algebraic procedure for determining the cosmological constant of the final theory in terms of the parameters of the original action.
Finally we apply our method to the analysis of the three dimensional gravity that arises from the dimensional reduction on S 2 of five dimensional supergravity with curvature squared corrections [11] and calculate the cosmological constant of the final theory after the field redefinition that brings the action to the standard form. In this case the theory has a (0,4) supersymmetry and the expected value of the cosmological constant can be found by relating it to the coefficient of a gauge Chern-Simons term [10, 12] . One can also infer it from the results for the black hole entropy in these theories computed in [13] [14] [15] . The result of the explicit calculation agrees with these predictions.
Field Redefinition of the Bosonic Fields
In this section we shall describe how the bosonic part of a (super-)gravity action coupled to matter fields and containing higher derivative terms can be brought into the form of a standard supergravity action via field redefinition and consistent truncation. We begin with a three dimensional general coordinate invariant theory of gravity coupled to an arbitrary set of matter fields. We denote by g µν the metric, by φ the set of all the scalar fields, by Σ the set of all other tensor fields, by R µν the Ricci tensor associated with the metric g µν and by R the scalar curvature.
At the level of two derivative terms, the action takes the form:
boundary S-matrix reproduces correctly the full boundary S-matrix of the quantum theory.
where (2.2) and S matter denotes the kinetic term for the matter fields. −Λ 0 (φ) represents the scalar field potential. We have already carried out an appropriate redefinition of the metric to remove a possible φ dependent function multiplying R in the Einstein-Hilbert term. If Λ 0 (φ) has an extremum at φ = φ 0 then this theory has a solution where φ is set equal to φ 0 , all other tensor fields are set to zero, and the metric is given by that of an AdS 3 space of size l 0 = 2/Λ 0 (φ 0 )
for Λ 0 (φ 0 ) > 0 and a dS 3 space of sizel 0 = −2/Λ 0 (φ 0 ) for Λ 0 (φ 0 ) < 0. In this case Λ 0 (φ 0 ) corresponds to the negative of the cosmological constant.
We shall now consider the effect of adding higher derivative terms. For this we shall assume that these terms are small compared to the leading term, in the sense that the length parameter l s that controls these terms is small compared to the length scale l 0 over which the leading order solution varies. 2 We shall also assume that we can associate with each higher derivative term in the Lagrangian density an index n that counts how many powers of l s accompanies this term compared to the leading term. For example if the three dimensional theory is obtained via a dimensional reduction of type IIB string theory on K3 × S 1 × S 2 × AdS 3 with K3 and S 1 having size of the order of string scale and S 2 and AdS 3 having large size, then α ′ corrections as well as corrections coming from integrating out the heavy modes associated with K3 × S 1 compactification will have index n > 0, whereas all the terms associated with compactification of supergravity on S 2 × AdS 3 -including the ones involving massive Kaluza-Klein modeswill have index 0. An efficient way to keep track of the derivative expansion is to introduce a derivative counting parameter λ and accompany a term of index n by a factor of λ n . We shall carry out our analysis in a power series expansion in λ even though at the end we shall set λ = 1. Since in three dimension the Riemann tensor R µνρσ can be expressed in terms of the Ricci tensor, all the higher derivative terms can be expressed in terms of the Ricci tensor, its covariant derivatives and covariant derivatives of the matter fields. We shall now reorganize these terms as follows.We first note that under g µν → g µν + δg µν ,
2 Often the three dimensional theory is obtained from dimensional reduction of a higher dimensional theory on a compact space of size of order l 0 . In this case if we integrate out the Kaluza-Klein modes we shall generate higher derivative terms which are not suppressed by powers of l s . To avoid this situation we include all the Kaluza-Klein modes in the set Σ without integrating them out.
where
We now eliminate the variables R µν , R and their covariant derivatives in higher derivative terms by P µν , P and their covariant derivatives. In this convention the most general action takes the form:
S 0 is given in (2.2). λ S cs is the gravitational Chern-Simons term
where K is a constant and Γ µ νρ denotes the Christoffel symbol. Note that we have included a factor of λ in S cs since in string theory the gravitational Chern-Simons term typically arises from α ′ corrections. S matter denotes the matter terms (including the standard kinetic terms) which are quadratic and higher order in Σ, derivatives of Σ and derivatives of φ. λ n S n denotes all other terms, ı.e. manifestly general coordinate invariant terms up to linear order in Σ, ∂ µ φ and their derivatives, but not terms of the form d 3 x √ −g R f (φ) since they can be included in S 0 . Most general higher derivative terms in the action will have the form given in (2.7) with n = 1 but for later use we have allowed for the fact that the higher derivative terms which cannot be included in S 0 , S matter or λS cs may actually begin their expansion at order λ n . It is easy to see that S n must contain least one power of P µν , since the P µν independent terms which do not involve Σ, ∂ µ φ or their derivatives can be absorbed into Λ 0 (φ) and P µν independent terms which are linear in Σ, ∂ µ φ or their derivatives either vanish or become quadratic in Σ, ∂ µ φ or their derivatives after integration by parts and hence may be included in S matter . An alert reader may worry about special cases where a symmetric rank 2 tensor A µν has a coupling 3 During the process of replacing R µν by the right hand side of (2.6) we may generate some terms of the form
. Since these cannot be absorbed into S matter or S n , we need to absorb them into the scalar field potential Λ 0 (φ) appearing inside S 0 . Thus Λ 0 (φ) needs to be determined in a self-consistent manner. To any order in power series expansion in λ this can be done using an iterative procedure.
proportional to with C = ( √ −g) −1 ǫ µνρ C µνρ /6, and treating A and C as scalar fields. In this case these terms can be included in the scalar field potential Λ 0 (φ) appearing in S 0 . Thus S n has the form
where K µν is some combination of matter fields, P µν and their covariant derivatives, and can contain non-negative powers of λ.
Now consider a redefinition of the metric of the form
Under this
and
Furthermore S matter remains quadratic in Σ, ∂ µ φ or their derivatives under this field redefinition. The order λ n+1 term on the right hand side of (2.14) can now be regrouped into a term of the form √ −g f (φ) that can be absorbed into a redefinition of Λ 0 (φ), a term quadratic in Σ and ∂φ that can be absorbed into S matter (φ) and a term containing at least one power in P µν . Thus the resulting action may be expressed as:
matter contains terms which are quadratic and higher order in Σ and derivatives of φ, Σ and
for some K ′ µν . Thus the new action has the same form as our starting action with n replaced by n + 1. Repeating this process we can ensure that to any fixed order in an expansion in λ, the action can be brought to the form:
for some choice of Λ(φ) and S matter .
Now suppose Λ(φ) has an extremum at φ = φ 0 . Introducing new fields ξ = φ − φ 0 we may express the action as If instead of considering a theory of gravity we consider (extended) supergravity theories, then the theory contains additional fields. In particular the additional bosonic fields in the theory are gauge fields with Chern-Simons terms [16] [17] [18] [19] [20] . Thus in order to show that a general higher derivative supersymmetric theory admits a consistent truncation to a supergravity theory we need to show that higher derivative terms involving higher powers of gauge fields can be removed by field redefinition. This follows from the fact that under A µ → A µ + δA µ the gauge Chern-Simons term changes by a term proportional to ǫ µνρ T r F µν δA ρ . Thus a term of the form
µν in the action may be removed (up to order λ 2n terms) by a shift of A µ pro-
Following this procedure we can remove all terms involving the gauge fields other than the Chern-Simons term to any order in λ. 4 Once this has been done, one can then carry out the field redefinition of the metric and the scalar fields as described earlier, and obtain a consistent truncation to a theory of metric and gauge fields with gauge Chern-Simons terms, Einstein-Hilbert term, cosmological constant term and gravitational Chern-Simons term. Supersymmetry then relates the coefficient of the gauge and gravitational Chern-Simons terms to the cosmological constant term.
So far our analysis has been restricted to terms in the action involving bosonic fields only. In a supergravity theory we must also include the fermionic fields and argue that higher derivative terms involving the fermions may be removed by field redefinition. We shall return to this problem in §4.
Algorithm for Determining Λ(φ)
The analysis of the last section gives an algorithm for carrying out a field redefinition and consistent truncation that gives a theory of pure (super-)gravity. However for any given higher derivative action this is a complicated procedure and one would like to have a simpler algorithm to determine the final truncated theory. Of the various parameters labelling the final theory the coefficients of the Chern-Simons terms are easy to determine since they do not get renormalized from their initial values. On the other hand the cosmological constant term does get renormalized during the field redefinition. In this section we shall outline a simple procedure for finding the exact Λ(φ) appearing in (2.18) without having to carry out all the steps described in the last section. The cosmological constant of the final truncated theory can then be found by determining the value of Λ(φ) at its extremum.
Suppose our initial action has the form
In anticipation of the fact that the final truncation involves setting the scalars φ to constants and other tensor fields Σ to 0, let us consider a theory of pure gravity obtained by setting Σ to 0 and φ to some constant values in (3.1). Thus φ can now be regarded as a set of external parameters if present, can be set to zero in a consistent truncation scheme provided the gauge symmetry is not spontaneously broken. In the latter case the would be Goldstone boson associated with the symmetry breaking would mix with the gauge field via a two point coupling and we cannot have a consistent truncation to pure supergravity.
labelling the action. We now consider a background
representing an AdS 3 space of size l. If we define Let us leave this result aside for a while and consider the form of the action obtained after a field redefinition of the metric as described in §2. After setting φ to a constant and Σ to 0, the action (2.18) takes the form:
If we evaluate √ −g (R + Λ(φ)) for the AdS 3 background (3.2), we get a new function r H(l, φ)
with
Now since we have carried out a field redefinition of the metric but not of Σ or φ, we expect F(l, φ) and H(l, φ) to be related by a redefinition of the parameter l for any fixed φ. 5 Hence the values of these functions at the extremum must be the same. Since the extremum of H occurs at,l
we get, by setting the right hand side of (3.6) to F(l ext , φ),
(3.7) 5 We are implicitly using the result that during the process of redefinition of the metric the terms arising out of the variation of the Chern-Simons term vanishes when the metric has the form (3.2) and ∂ µ φ and Σ are set to zero. This can be seen from the fact that in this case the field redefinition essentially rescales the metric. Since Γ µ νρ remains unchanged under a rescaling of the metric and since the Chern-Simons term is constructed entirely in terms of Γ µ νρ , it does not change under such a field redefinition.
provided F(l ext , φ) is negative. This determines Λ(φ).
Eq.(3.7) might give the impression that this procedure always leads to a theory with positive Λ, ı.e. with a negative cosmological constant. This is however an artifact of the fact that we have already assumed that the theory admits an AdS 3 solution. It may so happen that F(l, φ) defined in (3.3) has an extremum at an imaginary value of l and hence F(l, φ) is imaginary at the extremum. 6 This will give a negative Λ(φ) and hence a positive cosmological constant. A better way to analyze this case is to consider a de Sitter metric of the form
instead of the anti-de Sitter metric given in (3.2), and definē 9) evaluated in this background with φ set to constants and Σ set to zero. On the other hand (3.5) is now replaced byH
and the value ofH(l, φ) at the extremum with respect tol is given by −32/Λ(φ). Equating this to the value ofF at its extremum we get:
Finally we note that there is always a possibility that neither F(l, φ) norF(l, φ) has an extremum for real values of l orl, or even if such extrema exist, the resulting function Λ(φ) does not have an extremum as a function of φ. In this case the theory under consideration does not admit an AdS 3 or dS 3 solution and we cannot carry out the consistent truncation following the procedure described above.
Higher Derivative Terms Involving the Gravitino
In the last two sections we have described how via a field redefinition the bosonic part of the supergravity action can be brought into the standard form. Once the bosonic part of the action has been shown to coincide with that of the supergravity action one would expect that supersymmetry will fix the fermionic part of the action uniquely (up to a possible field redefinition involving the fermions) to be that of the standard supergravity action. In this section we shall briefly discuss how such a result might be proven.
We begin with an action where the purely bosonic part has already been brought into the standard form using the field redefinition described in §2. At the onset we shall assume that supersymmetry is unbroken at the extremum φ 0 of Λ(φ); otherwise we expect the gravitino to mix with the Goldstino and hence the matter and the gravity multiplet will no longer be decoupled. This in turn requires Λ(φ 0 ) to be positive since we do not have unbroken supersymmetry in de Sitter space. If the theory has altogether N supersymmetries then there are N gravitino fields ψ i µ with 1 ≤ i ≤ N. In the supergravity action of [16] [17] [18] [19] [20] [21] the gravitino action has the form:
where 
leading to the gravitino equation of motion
The supersymmetry transformation law of the gravitino fields takes the form
where ǫ i are the supersymmetry transformation parameters.
We shall now examine the possibility of adding higher derivative terms in the action and also possibly in the supersymmetry transformation laws. Let us denote by η the set of all the bosonic and fermionic fields coming from the matter sector with the scalars measured relative to φ 0 (ı.e. the set η contains the shifted fields ξ introduced above (2.19)). A higher derivative term in the action which is quadratic or higher order in η is harmless since we can consistently truncate the theory by setting η = 0. Thus we need to worry about terms which are at most linear in η or derivatives of η. We shall refer to these as the dangerous terms since, if present, they will prevent us from consistently truncating the theory to the one described by the standard supergravity action. As in §2 we shall organise these terms according to the power of the derivative counting parameter λ that they carry. Let us suppose that the first dangerous higher derivative terms in the Lagrangian density appear at order λ k . Now any term that is proportional to the equation of motion of the metric, the gauge fields or the gravitinos derived from the leading supergravity action can be absorbed into a redefinition of these fields at the cost of generating higher order terms; thus we need to look for terms which do not vanish identically when leading order supergravity equations of motion are satisfied. Using this we can remove all the dangerous terms in the action which contain any power of gauge field strength, the combination R µν +Λ(φ)g µν , and commutators of covariant derivatives. Thus the dangerous terms may be expressed as general coordinate invariant and local Lorentz invariant combinations of the gravitino fields, their symmetrized covariant derivatives and the metric. We now consider all the order λ k dangerous terms and organise them by their rank, -defined as the total power of ψ µ andψ µ contained in that term. We begin with the terms of lowest rank, -call it m 0 . m 0 cannot vanish since we have already argued earlier that all the dangerous terms without the gravitino field can be removed by field redefinition. (For this we need to include in the set Σ of §2 all the matter fermions as well.) For non-zero m 0 the lowest order supersymmetry variation of the gravitino described in (4.5) has the effect of producing a term of rank (m 0 − 1), constructed out of the gravitino fields, their symmetrized covariant derivatives, the metric, and covariant derivatives of the supersymmetry transformation parameter. In order for supersymmetry to be preserved, such terms need to be cancelled by some other terms. The terms arising from the supersymmetry variation of the bosons in the original rank m 0 term are of rank ≥ m 0 and hence cannot cancel the rank (m 0 − 1) term. Thus there are two possibilities: 1) the rank (m 0 − 1) terms arising from the variation of the gravitino cancel among themselves after we integrate by parts and move all the derivatives from ǫ,ǭ to the fields, possibly after modifying the supersymmetry transformation laws of the supergravity fields, and 2) we can try to cancel these terms against terms coming from supersymmetry variation of the bosons in a term of rank (m 0 − 2). Of these the first possibility would mean that the dangerous terms are invariant under the transformation Repeating this argument we conclude that the term under consideration must be independent of all χ i andχ i . Thus it must vanish since it vanishes when we set all the χ i andχ i to zero.
This contradicts our original assertion that the term does not vanish identically. This leads us to the conclusion that the original order λ k , rank m 0 term in the action, with covariant derivatives replaced by ordinary derivatives, must have been such that after suitable integration by parts and commutation of the derivative operators it vanishes when the gravitino satisfies its lowest order equation of motion.
How does the conclusion change when the ordinary derivatives are replaced by covariant derivatives? Since we know that the term can be manipulated and shown to vanish when covariant derivatives are replaced by ordinary derivatives, we can carry out the same manipulation. The only possible extra terms which could arise must be proportional to the commutators [D µ , D ν ] since the covariant derivatives can be manipulated in the same manner as the ordinary derivatives except for their commutators. However these commutators can be reduced to terms with lower number of derivatives using the lowest order metric and gauge field equations of motion. We can now repeat our analysis on these left-over terms with lower number of derivatives and show that they must be further reducible to terms with lower number of derivatives.
Repeating this procedure we can show that a term that is invariant under the lowest order supersymmetry transformation of the gravitino alone, must vanish as a consequence of lowest order supergravity field equations, and hence can be removed by a field redefinition.
We now turn to the second possibility. This requires the action to contain higher derivative terms of order λ k and rank (m 0 − 2). Since by assumption the action does not contain any dangerous term of rank (m 0 − 2) to order λ k , the only possibility is to try to generate these terms from the supersymmetry variation of a non-dangerous term of rank (m 0 − 2). In order to rule out this possibility we need to make one assumption: as a consequence of unbroken supersymmetry the matter sector fields transform to terms which contain at least a single power of the matter sector field, ı.e. we have δ s η ∼ O(η). 8 In this case terms quadratic and higher order in η transform to terms quadratic and higher order in η and cannot cancel terms which are at most linear in η. This rules out the last possibility. Thus we see that it is not possible to add higher derivative dangerous terms in the action in a manner consistent with supersymmetry.
Dimensional Reduction of Five Dimensional Supergravity
In this section we shall consider five dimensional supergravity with curvature squared term coupled to a set of vector multiplets [11] and dimensionally reduce this theory on S 2 in the presence of background magnetic flux through S 2 to get a three dimensional (0,4) supergravity with curvature squared term, coupled to a set of matter fields. We then apply the procedure of §2 and §3 to truncate this to a pure supergravity theory with gravitational Chern-Simons term, but no other higher derivative terms.
We shall concentrate our attention on the part of the action involving the bosonic fields only. In the three dimensional theory this involves the metric and an SU(2) gauge field that arises during the dimensional reduction of the five dimensional theory on S 2 . As we have seen at the end of §2, reducing the gauge field action to pure Chern-Simons term is relatively simple; hence we shall focus on the part of the action involving the metric. For this we can restrict the fields to the SU(2) invariant sector from the beginning. Since the SU(2) R-symmetry of the three dimensional supergravity can be identified with the rotational symmetry of the compact S 2 , this allows us to carry out the dimensional reduction by restricting the field configurations to rotationally invariant form. 8 This is of course true at the lowest order in λ but we shall assume that this property continues to hold even after including possible higher derivative corrections to the supersymmetry transformation laws. 9 One might worry about the extra terms which may be generated during the redefinition of the gauge field that
The five dimensional N = 2 supergravity has a Weyl multiplet, a set of vector multiplets and a compensator hypermultiplet. After gauge fixing to Poincare supergravity, the bosonic fields of the theory include the metric g ab , the two-form auxiliary field v ab , a scalar auxiliary field D, a certain number (n V ) of one-form gauge fields A I a with 1 ≤ I ≤ n V , and an equal number of scalars M I [11] . Here a, b, .. are five dimensional coordinate labels and run from 0 to 4. We shall denote by F I = dA I the field strength associated with the gauge field A I . The action for bosonic fields including curvature squared terms can be written as
where L 0 is the lagrangian at two derivative order and L 1 denotes the supersymmetric completion of the curvature squared terms. The explicit forms of L 0 and L 1 are [11, 14] 
where c IJK and c 2I are parameters of the theory, e ≡ √ −g, and 6) brings the gauge field action into the standard form; however one can easily argue that these terms cannot affect the final form of the action involving the metric since setting all S U(2) non-invariant fields, including the gauge fields, to zero provides a consistent truncation of the theory.
and C abcd is the Weyl tensor defined as
The parameters c 2I appear in the coefficients of the higher derivative terms; thus we can keep track of the derivative expansion by simply counting the power of c 2I appearing in the various terms.
We now carry out the dimensional reduction on S 2 and focus on the sector invariant under the S O(3) isometry group of S 2 . This can be done using the following ansatz for the five dimensional fields 
Here R (3) µνρσ is the Riemann tensor and ∇ µ is the covariant derivative computed using the three dimensional metric g (3) µν . Using these relations we get the dimensionally reduced action to be
µν ) (5.10)
µν ) denotes terms which are at least quadratic in ∇ µ χ, v µν , ∇ µ M I and F I µν . In eq.(5.10) all covariant derivatives are computed using the three dimensional metric g
µν . We first need to redefine our metric in such a manner that the coefficient of R (3) in the second line of the action (5.10) can be absorbed into the metric. We define
After substituting (5.12) into the action (5.10), we get
and L ′ denotes terms quadratic and higher order in the derivatives of scalar fields and other tensor fields. For shorthand notation we denote all scalar fields by φ i.e.(χ, M I , V, p I , D) ≡ φ.
Following the general procedure given in §2 we now define and L denotes terms quadratic and higher order in the derivatives of the scalar fields and other tensor fields. We now choose Λ 0 (φ) to be the solution to the equation 19) so that the action (5.17) may be expressed as This process can now be repeated to remove the six and higher derivative terms from the action, but we shall not go through the details of the analysis. Our interest is in finding the exact expression for Λ(φ) since this is what controls the final truncated action. We have already described the algotithm for finding Λ(φ) in §3. The first step is to compute F(l, φ) for the action (5.14) by evaluating the Lagrangian density (without the Chern-Simons term) in the AdS 3 background (3.2) with constant scalar fields and vanishing tensor fields. We get Thus the final truncated theory, obtained by setting φ to its value at the extremum and other matter fields to zero, is given by
From this one can compute the central charges of the conformal field theory living on boundary of AdS using standard formulae (see e.g. [6] ). The result is
These results agree with the predictions of [10, 12] from the requirement of (0,4) supersymmetry, as well as the explicit calculations of [13] [14] [15] from the computation of the black hole entropy.
